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1.  Introduction 

The  important  fact  of  the  representability  of  L--Brownian  functionals  as  an  Ito 
stochastic  integral  may  be  proved  by  using  the  homogeneous  chaos  decomposition  of  the 
L2-space  of  Brownian  motion  and  showing  as  main  step,  that  the  multiple  Wiener 
integral  can  be  written  as  an  iterated  Ito  stochastic  integral  (cf.  G.  Kallianpur  [4]). 

For  the  proof  of  this  latter  fact,  usually  it  is  referred  to  Ito’s  way  (cf.  [2])  to  showing  the 
representation 

I  (f)  =  n!  dW  dW  (...)  "  ~dW  f  ft _ in), 

n  Jo  lr  o  l2  J o  ln  0  n  ' 

(where  In  denotes  the  n-fold  multiple  Wiener  integral,  (Wt)t((0 1(  Brownian  motion, 
f:[0,l]n — »R  a  special  elementary  function  of  the  form 

p 

f=  Z  a  ,  ‘a  v  ,a  .  A,,.. ..A  a  partition  of  (0.1) 

i, — =  1  'i .  'n  *t  'n 

into  Borel  measurable  subsets,  ai,,...,in  =  0  if  two  of  the  indices  ii . in  are  equal,  and  f0 

the  symmetrization  of  f) 

and  to  extending  this  formula  by  the  usual  technique  of  approximation  and  the 
properties  of  multiple  Wiener  integral  and  the  Ito  stochastic  integral. 

Since  it  appears  intricate  to  calculate  the  above  iterated  Ito  stochastic  integral  for  the 
symmetrization  even  of  a  special  elementary  function,  I  apologize  the  following  short 
proof,  which  uses  the  martingale  properties  of  Brownian  motion,  a  well-known  formula 
transferring  different  forms  of  Hermitian  polynomials  into  each  other,  and  a  simple 
property  of  symmetric  tensor  products. 


2.  Representation  of  the  multiple  Wiener  integral  as  an  iterated  Ito  stochastic  integral 


We  will  u$e  the  following  notations: 


®"L2([0,1]) 


®onL2([0,l]) 


L0H  [0,1]") 


the  n-fold  tensor  product  of  the  space 
L2([0,1],  k),  k  the  Lebesgue  measure  on  [0,1] 

cl  -  lin  {f,®0  ...  ®0fn:^  L2(  [0.1] ).  1  s  i  <  n}, 
the  corresponding  symmetric  tensor  product,  where 

f,®  ...  ®  f  :=  —  y  f  ®...®f  . 

la  an  n!  —  ",  "n 

n  =  (ni,  ...,nn)  a  permutation  of  the  integers  {l,...,n},  cl  -  lin  A  the 
closed  linear  span  of  the  set  A. 

denotes  the  symmetric  L2-functions  on  [0,1]"  . 


The  (unnormalized)  n-fold  multiple  Wiener  integral  In  for  a  special  elementary  function 
f  of  the  form 

p 

f=  v  i 

—  a  a  A.  x ...  x  A. 

. >n=l  'l .  ‘n  ‘l 

is  given  by 


l  (0  =  v  a 

n  —  i 

where 


i . *  i , 

l  n  t 


W(A  ) ...  W(A  1 


W(A):  =  I  l  dW 
'o 


is  the  stochastic  measure  corresponding  to  the  Brownian  motion  (Wt)t^[o.i  I 

( Aj . Ap  a  partition  of  [0,1]  into  Borel  measurable  subsets,  a,, . in  =0  if  two  of  the 

indices  l( . in  are  equal). 

Identifying  ®0"  L2(  [0,1] )  with  L0'(  [0,1]"  ),  it  is  clear  that  the  symmetric  tensor  ®"g 
(g€  L2[0,i])  corresponds  to  f^L0- ( [0,1]" ) .  Rt, . tn)  =  g(t,)g(t,) ...  g(t  ). 
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Lemma  1. 


x 

Lath  (s)  =<—!)"  —  e2f  —  )n 
n  '  dx  / 


be  the  n-th  normalized  Hermite  polynomial  and 


H,t,l:=^c5r(i)v-s 

n  n '  '  dx  / 


Then 


H  (t.x)  =  —  (n!)*  h  (  —  ) 
n  n!  t*  / 

This  formula  is  well-known. 


Lemma  2. 

®0"  L*(  [0.1] )  =  cl  -  lin  {®"g  :  g  *  L2(  [0.1] ) } 


Proof. 


It  is  to  show  that  for  every  h,®0—®ohn  (  ®0n  L2(  [0.1] )  there  exist 
gt . gr  £L2(  (0,1] ),  A,, ...  ,Ar  €R,  r€N  such  that 

r 

h,®  ...  ®  h  =  V  .\.®"g 

la  an  —  i 
i  «  1 

We  proceed  by  induction: 

Let  h1®0...®0hn  be  of  the  form  h,k  ®0  h.,n  k,  where  h.k :  =  ®kh;. 

Consider  h,k  <8>0  h,k  as  tensor  of  the  symmetric  tensor  algebra  S(E)  on 
the  vector  space  E:  =  lin  [hr  h.,}. 

S(E)  is  isomorphic  to  the  polynomial  algebra  R  [x,,  xj  over  R  and 
h,k  ®0  h2n  k  corresponds  to  x,kx,n  k . 

The  polynomials  (  x,kx.,nk  :  k  =  0,  ...  ,n  }  form  a  basis  for  the 
homogeneous  polynomials  of  degree  n  in  two  variables. 

Consider  e  n  :=  (ai,xi  +  aj2X2)n  = 

=  ^  (  "  )ak  an-k  xk  xrk  . 

hT0 1  k  [  '■  1  * 

The  determinant  of  the  matrix 


1/  n  \.°  (  n  Li  ,n-i  /  n  |  M  " 

I  I  jil  U  .  ,  1  Q  il  I  il  d 

lv  0  '  '•>  '  1  /  S  •  n  >  ■  .  ,  =  "  •" 


is  a  polynomial  ina  (0  s  i  s  n.l  sjs2).  which  is  not  identically  zero. 


B 


vv 


Lemma  3. 


Thus  we  may  fix  suitable  aijt  such  that  this  determinant  is  not  zero,  i.e. 
there  exist  linearly  independent  polynomials  e0n,  ...  ,enn  of  degree  n, 
which  span  Rn  (x, ,  x2). 

Thus  there  exist  A, , ...  ,An  with 


k  n  -  Ic  V  i  n 

X 1  *2  =  1  V. 


The  polynomial  e;n  corresponds  in  S(E)  to  ®  ng(,  where 
g,  =  (a;,hi  +  ai2h2). 


Now  identify  h,®0  ...  ®0hn  with  a  tensor  in  S(E)  ,  E  =  lin  {h, . hn}, 

and  thus  with  a  polynomial  x,ki .  x.,k2 ...  xnko  ,  svhere 


n 


k  =  n 


By  induction  we  assume 


V  k2  V\  V  .  kl  °-kl 
*1  )’  1  Vl  *< 


The  elements  of  the  sum  are  polynomials  of  degree  n  in  two  variables 
(with  e,  linear,  homogeneous  in  x.,, ...  ,xn) ;  thus  they  can  be  represented 
as  linear  combinations  of  certain  fn  (with  f  linear,  homogeneous  in  x,, 
...  ,xn).  To  f.n  correspond  ®ngj  €  S(E)  .which  give  the  representation  of 
h,®0  •••  ®o  bn  we  have  been  looking  for. 


Let  (Q,  F.  P)  be  a  probability  space,  (Ft)t20  a  right-continuous 
filtration,  X0  =  0,  (Xt)t  2o  a  continuous  semi-martingale. 

Then 


dX  dX  ... 

M>  '  0  l2 


‘a- 1  /  . 

dX  =  M  <  X.  X  >  ,  X 

.  t  m  \  t  ;  / 


For  the  proof  of  this  result,  see  for  example  ( 1 1. 


Now  Ito's  result  can  be  proved  very  easily: 


.  u 


w^wvrrvyv*iHrvw*u*>f^v-*\r»  ir»  vr".  kr*.ir».  w  n.  unuM 
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